Abstract. Let X be a (real) Banach space, let D be an open subset of X, and let B(X) denote the collection of all nonempty bounded and closed subsets of X. Suppose T is continuous from D into B(X) with respect to the Hausdorff metric and strongly pseudo-contractive, while g is compact from D into X. Then T +g has a fixed point if it satisfies the classical Leray-Schauder condition on the boundary of D.
I. Introduction
The study of compact perturbations of accretive type operators has been extensively studied for the last three decades. In fact, these operators arise while solving boundary value problems, as well as eigenvalue problems. An early discussion on the existence of zeros under various types of boundary conditions on the domain of the operator can be found in Browder [1] , and later in Kartsatos ([4] , [5] ) and Hirano [3] . Our purpose here is to bring a different approach to establish a fixed point theorem for a multivalued strongly pseudo-contractive mapping perturbed by a compact operator under the well-known Leray-Schauder condition (see [11] for related results). Perhaps the generality of this condition has generated an extensive study of it in connection with an ample number of different types of nonlinear operators. Indeed, this writer has proven (see [10] ) that a continuous strongly pseudo-contractive mapping under this boundary condition has a unique fixed point.
Let X be a (real) Banach space. An operator T :
for u ∈ T (x) and v ∈ T (y). The mapping J : X → X * denotes the normalized duality mapping which is defined by 
If, in addition, the set {x ∈ D : g(x) = λx for some λ > 1} is bounded, then g has a fixed point in D.
To prove this proposition we need the following Lemma, which is patterned after Lemma 1 of Petryshyn and Fitzpatrick [15] .
Lemma. Let X be a Banach space and let K be a closed convex subset of X. Let D be a subset of K, which contains a nonempty precompact subset E. Suppose g : D → K is a condensing mapping. Then there exists a compact and convex subset
Proof of Proposition 1. Suppose there are no fixed points on ∂ K D. Define the subset E of K by
Since 0 ∈ E and g is continuous, then E is a nonempty closed subset of K. In addition, since E ⊂ co(g(E) ∪ {0}), E is also compact. Then by the previous Lemma there exists a compact and convex subset
Theñ g is continuous on K. Moreover, the restrictiong to C is a compact mapping from C into C. Therefore, it has a fixed point x 0 ∈ C. It remains to show that x 0 is, indeed, a fixed point of g. To see this, we first observe that x 0 ∈ D; otherwise x 0 = 0, which is a contradiction. This means x 0 = µ(x 0 )g(x 0 ), and hence x 0 ∈ E. Therefore µ(x 0 ) = 1, and thus g(x 0 ) = x 0 .
Corollary 1. Let K be a closed cone of a Banach space X, let G be a bounded open subset of X containing the origin, and let
D = G ∩ K. Suppose g : D → K is a
condensing mapping satisfying the Leray-Schauder condition:
g(x) = λx for x ∈ ∂ K D and λ > 1.
Then g has a fixed point in D.
Corollary 1 extends the theorem of Gatica and Kirk [2] and Corollary 2 of Kirk [7] to cones whose interior may be empty. Additionally, Proposition 1 extends Corollary 1 of [7] . Corollary 2. Let X be a Banach space and let K be a closed convex subset of X with 0 ∈ K. Suppose g : K → K is a condensing mapping such that the set
is bounded. Then g has a fixed point in K.
Proof. Since F is bounded, we select r > 0 so that F ⊂ B(0; r). Consequently, g satisfies the Leray-Schauder condition on ∂ K D where D = B(0; r) ∩ K. Therefore, by Proposition 1, g has a fixed point.
III. Main results
We begin with the definition of the Hausdorff metric H. Let ε > 0 and let A be a bounded subset of X. Then
denotes an ε-neighborhood of A. Suppose A and B are bounded subsets of X. We define the Hausdorff metric H by
If we denote by B(X) the metric space of all nonempty bounded and closed subsets of X, then we say that a mapping T from D into B(X) is continuous at x 0 if for every ε > 0 there exists δ > 0 such that 
is open in X, and thus, in particular, there exists r > 0 such that B(u 0 ; r) ⊂ A t 0 (D). In addition, since A t (D) is closed and A t is a continuous one-to-one mapping, it is easily seen that ∂A t (D) = A t (∂D). Also, as a consequence of (1), we may choose a neighborhood
Therefore, A t (∂D)∩B(u 0 ; r/2) = ∅ for t ∈ V (t 0 ). To see this, suppose the contrary. Then there exists x ∈ ∂D and u ∈ X such that u ∈ A t (x) and u − u 0 < r/2. We may also select v ∈ A t 0 (x) so that
(see Nadler [12] ), which implies that v − u 0 ≤ v − u + u − u 0 < r. Therefore, v ∈ A t 0 (D), a contradiction! On the other hand, we may choose 
for x ∈ ∂D and λ > 1.
Then T + g has a fixed point in D.
Proof. By replacing T with T (x + z) − z, g(x) with g(x + z) and D with D − z, we may assume that z = 0 in (2). We first observe that the set
is bounded. To see this, let λx = u + g(x) for some u ∈ T (x) and λ > 1. Then there exists j ∈ J(x) such that
where v ∈ T (0). Then this implies 
We now define the mappings h :
for some u ∈ T (h s (y)). Then h is a continuous and bounded operator on U . On the other hand, since
and g is compact, then so is f . Therefore f • h is also compact. We shall show now that, indeed,
This implies that g(h t (x)) = λx, while λt = 1. Since λ > 1, then x ∈ ∂(I − tT )(D). This means there exists w ∈ ∂D such that x ∈ w − tT (w). Hence w = h t (x) and thus g(w) = λx, which implies that λw ∈ T (w) + g(w), contradicting (1). Also, since E is bounded, the above argument allows us to derive that the set
is bounded. Therefore, by Proposition 1, f • h has a fixed point (t, x) ∈ U , and hence t = 1 and g(h 1 (x)) = x. Now by letting u = h 1 (x), we obtain u ∈ T (u)+g(u), which completes the proof.
Theorem 1 is an extension of Theorem 2.1 of [14] to multivalued mappings with a nondegree theory argument under no boundedness assumption on T (D). We should also mention the proof of Theorem 2.1, implicitly, uses that g(D) is relatively compact. This fact does not hold unless D itself is bounded. We include an example to illustrate this behavior.
Example. Let X be the real Hilbert space l 2 and let g : l 2 → l 2 be defined by
Then g is clearly compact. However, the sequence {g(ne n )} ∞ n=1 , where {e n } is the canonical basis for l 2 , is not relatively compact. Therefore g(l 2 ) is bounded but not relatively compact. 
for x ∈ ∂D and t < 0.
Then 0 ∈ R(A + g).
Proof. As before, by replacing A(x) by A(x+z), g(x) with g(x+z)
and D by D −z, one may take z = 0 in (3). Now define
Then T − g satisfies the Leray-Schauder condition (see (2) above with z = 0). Since T is strongly pseudo-contractive and −g is compact, then, by Theorem 1, T − g has a fixed point in D. This means there exists x ∈ D such that
Since D is bounded, we may choose η → 0, and conclude 0 ∈ R(A + g).
As a consequence of Theorem 2 we derive Theorem 7 of Kartsatos [5] . 
Then w ∈ R(A + g).
Proof. We first observe the operator A+g −w, for a fixed w ∈ X, satisfies condition (3). To see this, let x ∈ ∂D and suppose tx ∈ A(x) + g(x) − w for some t ∈ R. Then, by (4), t x 2 ≥ 0. Hence t > 0. Therefore (3) holds. Since A − w is also accretive, then Theorem 2 completes the proof.
We remark that Corollary 3 extends Theorem 7(ii) of [5] to multivalued accretive operators, and also under a weaker boundary condition. Indeed, (4) holds for a single functional j ∈ J(x), contrary to [5] , where it is assumed that (4) must hold for all j ∈ J(x). Additionally, see [6] , for a complete recollection on compact perturbations.
